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The purpose of this note is to show that using the concept of multivalued derivatives and multivalued integrals, we can state an analog of formula (1) which is also a strengthening of the theorems of Waiewski and Mlak. We then examine this new theorem on classical examples of nondifferentiable mappings in Banach spaces and show that it does indeed yield better results. The McLeod mean-value theorem is not applicable to these examples because they fail to have the required differentiability.
In the first part of our paper, we state some notation and recall the Mlak statement of mean value theorem. This theorem is our starting point. In the second part, we give definitions of a multivalued derivative and multivalued integral, and we formulate our mean-value theorem. In the third part, we consider two well-known examples of nondifferentiable Lipschitzean mappings in Banach spaces, and we show that our theorem gives, in these cases, exact estimates.
1. Let E be a locally convex space. Denote by % = 2?(E) the family of all closed convex nonempty subsets of E. For f E E*, a E E, and A E V(E), we define the "f-distance" between a and A by the formula f(a, 4 = $JIfW -fWl . (3) In what follows, let + : [ 
Proof.
Let 7 = (to , tl ,. . ., t,J be an arbitrary partition of [a, b] . We can write where hi = ti+l -ti . By the Waiewski-Mlak theorem, Since the above statement is true for any partition, we have from the definition of +-integral This finishes the proof.
The intersection of all m+derivatives of a given function x is in general not on +-derivative. This set can be even empty (see examples below). However, we have the following. This corollary is very simple. Nevertheless, it sometimes yields an exact estimate of x(b) -x(a), even for functions which are nondifferentiable, in the usual sense, at every point of the interval [u, b] . In the next section we show that this is true for two classical examples of nondifferentiable functions in Banach spaces.
3. In this part, we assume that 4(t) = t and we call m&derivatives and m+integrals, m-derivatives and m-integrals.
The scheme of both examples below is the following. First we show that the map x under consideration has the property that for any to E [a, b] the intersection of all its m-derivatives at this point is empty; i.e., where intersection is taken over all m-derivatives of x at the point t, . Note that the intersection (13) is automatically empty for any function x if it is taken over all m-derivatives of x on [a, 61 evaluated at t, . This is a trivial consequence of the definition. From (13) it follows that the smallest m-derivative of x at the point t, does not exist and that x is not weakly differentiable at t, (since the weak derivative would evidently be the smallest m-derivative).
Then we prove that the right hand side of (12) contains only one element of E and therefore the estimate (12) is exact. In order to compare this with the best possible estimate given by (2), we find the smallest set D which satisfies the assumptions in Waiewski-Mlak theorem. Each set which satisfies these assumptions, i.e., each set D which is closed convex and which for every for any p, q satisfying 0 < p < q < 1 -E. This in turn implies that all functions which belong to satisfy conditions 5' > 0, II SII = 1, s :-34 ds 2 q -P,
for any p, q [0, 11, p < q. But there is only one element of L1[O, l] which satisfies conditions (16), namely, the function to CE 1, almost everywhere. This finishes the proof of (15).
On the other hand, we have the following. Let N, be an arbitrary m-set of the mapping x. In order to prove that ME C N, it is sufficient to show that f(NJ 2 r af (NJ 3 y for any pair f e L", r E R.
Suppose (18) So in this example, like in the previous one, the mean value theorem (12) provides an exact estimate, whereas, according to the following proposition, the Mlak theorem provides a less perfect estimate. The method of proof is the same as for Proposition 1. We finally note that, in both examples, for each t E [0, l] and each null sequence {h,}, the weak limit of dx(t, h,), as n--f co, fails to exist. This follows from the fact that nr,,, Xc(t) is empty for each t. Hence the McLeod mean value theorem is not applicable to these examples.
